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Research aim is to get the analytical solution of geomechanics topical problem of applied significance
in hydrotechnical construction connected with the stress-strain state estimation of the rock mass
composed of two rock types with various stress-strain behaviours in the vicinity of the circular pressure
excavation located near the rectilinear interface between rocks.

Research methodology is based on the application of the complex variable functions theory,
the properties of series with complex coefficients, and the integrals of Cauchy type.

Research results is the complete calculation algorithm developed, featuring iterative process computer
implementation, the first convergence of which considers the well-known problem for circular opening
within infinite homogenous isotropic medium under internal pressure; and the influence of the interface
between rocks is considered by means of setting additional pressures which are defined more precisely
at the following iterations. The criterion for the iterative process completion is satisfaction with
the required accuracy of all boundary conditions assigned (during calculation, maximum inaccuracy
didn't exceed 107°). The obtained results were used to develop computer model of the problem under
consideration which has been implemented in the software package of the FEM (finite elements method)
with the aim of specifying the sizes of the modeling domain and for boundary conditions formation.
Finally, the comparison of analytical and numerical modeling results is introduced as applied
to the specific excavation.

Conclusion. The analysis of the obtained results allowed to conclude that the high accuracy
of calculation with the use of FEM is achieved only in case of setting sufficient research area (each size
must significantly exceed five radii of excavation).

Obtained results application area is the development of underground structures calculation design
methodology.

Key words: rock mass; pressure excavation; theory of elasticity, boundary conditions; computer
modeling.

Introduction. The forecast of the stress-strain state of the rock mass in the vicinity
of pressure excavations is an important applied problem which is considered within the
context of geomechanics as long as the obtained results create theoretical foundation
for applied problems solution connected with hydrotechnical tunnels underground
structures design. This accounts for a multitude of recently made analytical, numerical,
and field investigations dedicated to the indicated important scientific-engineering
problem [1-7]. It should be noted that the development of software technologies which
significantly raised the possibilities of not only numerical modeling of various
geomechanical processes within the rock mass, but also predetermined the development
of analytical calculation methods which play important role in analyzing the regularities
in pressure fields formation around mine workings. Thus, due to the use of modern
computer hardware, there appeared the possibility to forgo complicated mathematical
transformations; it has significantly simplified the process of obtaining calculation
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forms representing strict analytical solutions not by closed formulae but by computation
algorithms which, as a rule, implement iterative processes where the functions which
should be defined are represented as series. At that, the accuracy of the calculation
process can always be controlled in each convergence, and the final accuracy of the
calculation is checked upon completion as a result of assessing the inaccuracy in
satisfying boundary conditions.

Up to the present, analytical methods of calculation in geomechanics reduced to the
analysis of situations where the rock mass surrounding the excavation was modeled
with homogenous medium or possessed so called technological inhomogeneity which
meant circular variation of deformation and strength properties of rocks in the vicinity
of the excavation as a result of technological factors influence, for example, massif
weakening as a result of drilling and blasting influence, or, on the contrary, strengthening
by means of injecting binder solutions into the massif [8]. Because of the lack of the
corresponding analytical methods, the influence of bedded structure of the rock masses
composed of various rock types was accounted only on the basis of computer modeling
with the use of numerical methods, the most accepted of which was the method of finite
elements (FEM) [9].
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Fig. 1. Rock mass modeling
Puc. 1. MozpenupoBaHue ropHOTO MacCHBa

Setting the research problem. The current research suggests new analytical
solution to the problem of geomechanics on the stressed-strain state of the rock mass
composed of two rock types with various stress-strain behaviours in the vicinity of
circular pressure excavation located near rectilinear interface between rocks.
The obtained solution allowed to fulfill the comparative analysis of mathematical and
numerical modeling results and formulate specific recommendations for the development
of computer model implemented in FEM software system which allowed to obtain the
fullest compliance between calculation stress fields and displacements around
the excavation in the particular case under consideration.

The rock mass is modeled with the area composed of two semi-finite media S, and
S, modeling corresponding rock beds with rectilinear interface line L (calculation
scheme of the set problem is introduced at fig. 1). Pressure excavation constructed
below the interface between the rocks at the depth H is modeled with the circular
opening with the radius R, the contour of which is subject to uniform normal pressure P.
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Rock beds, areas S, (j = 0.1), possess various stress-strain behaviours — deformation
modules E. (j = 0. 15 and Poisson coefficients v, (j = 0.1) and are deformed collectively,
i.e. atthe interface line L the conditions of normal and shearing stresses and displacements
vectors continuity are met.

To solve the indicated problem, the method suggested in the research [10] has been
applied, which is based on the complex variables analytical functions theory, which has
been modified with regard to the features of the calculation scheme under consideration.

Analytical solution of the problem. Cartesian coordinate system xOy is introduced,
the origin of which is located at the center of the opening (excavation). The direction of
the real axis Ox is specified parallel to the interface L. After assigning all geometrical
dimensions to the excavation radius R, the coordinates of the points ¢ belonging to the
interface L will be defined according to the formula:

t=x+ih,

where £ is the relative distance from the center of the excavation to the interface
L, h=H/R,.
, 0

S E; = 2000 MITa,
V1= 0,35

Ey = 10000 MITa,
Vg = 0,3

% R=1800

Fig. 2. Distribution of stresses in the vicinity of the pressure excavation
Puc. 2. PacmpeneneHune HamnpspkeHHMH B OKPECTHOCTH HAMOpPHOH
BBIPaOOTKH

Stress-strained state of the media S; (/=0.1) is defined with the help of complex

potentials of Kolosov and Muskhelishvili [11] ¢ (z), ¥ (z)which are represented as
] ]

(T)J_(Z)Z(POYO(Z)'F(PI_(Z); \.T,/j(Z):\IrIOVO(Z)-F\Vj(Z), (1)
where @ ((2), ¥, ((2) are the analytical functions which are regular in a complete plane
S,+S, beyond the opening and disappear at infinity (at that stress-strain behaviours of
the examined infinite area are accepted the same as in the lower medium S); ¢,(2),
y/(2), where j = 0.1 are the functions which are regular in the corresponding half-planes
S'/ with the help of which the account of the presence of infinite line L is accounted — an
interface between the beds with various stress-strain behaviours.
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Boundary conditions at the interface L which divides the layers are written as [11]
_ @)

-1
where Eej :3_4Vi’ Bo= Ej [2(1+ Vj):| .
At the contour of the excavation L the boundary condition is as follows:

¢, (1) +1t¢) (t)+w (t)=—pt.

It is easy to note that if stress-strain behaviours of media S, are set the same in the

calculation scheme of the problem under consideration (fig. 1), i. . assume £ = E|,
Vv, = V,, then conditions (2) reduce to identities which result in equalities:

¢ (2)=0 v (z)=0. 3)

On the other hand, having imposed condition (3) as the first convergence of a
solution we have been led to the well-known problem about the stress- strained state of
the elastic plane weakened by a circular opening, the contour of which is subject to
uniform internal pressure. Complex potentials @, ((z), ¥y,(z) in this case may be
represented as series:

Oa0(2)= Zlc(l)w)zfv; v, (2)= 2 ez, (4)

v
v="

where ¢ are the sought coefficients under j = 1, 2.

In the following, taking into account (1) and applying operations similar to the ones
described in the research work, as a result of conditions (2) transformation, and through
the potentials @ (), ¥, ((2) it is possible to arrive to the expressions for the remaining
sought functions:

—%[z@(z—zm)ﬂa(z—zih)}
¥,(2) =0, (2-21H)~(2-2H ), (2);
9,(2)=d| 20 (2= 2ih)+ v, (2-2ih) |+ (s- D)o, (2);
v, (2) =—~(2-2ih)g) (2) +1o,, (z-2ih)+ (n-1)| (z-2H )} (2)+v,,(2) |

where s=£1+h aeoJ-(a31+l)l; dz{l—i]-('&ﬁl)l;

Ho Ho
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Thus, as a result of expressions (4) substitution in the correlations (5) the solution of
the said problem may be reduced to the search for the two groups of unknown quantities

Cik)(o) (k=1,2; v=0, .. ,oo) through which all the sought functions are expressed

which determine stress-strained state of the areas under consideration.

Having limited infinite series (4) up to N members we present the process of
calculations in the form of the algorithm which implements a well converging iteration
process the first convergence of which is build through meeting conditions (3) and

solving the problem for an infinite plane with a circular opening the contour of which

is subject to uniform pressure [12]. The coefficients Cik)(o) found in the first convergence
are substituted in the formulae (4) and (5), and the process of calculations continues
until the distinctions between the sought coefficients found in the previous and the
following iterations are lower than the pre-determined small value which determines
the accuracy of the calculations, for example, 10-°. After the coefficients of the series
(4) are found, potentials (1) are being determined, and after that it is possible to calculate
stresses and displacements in the areas under consideration which model the mass
composed of two rock types using the formulae of Kolosov and Muskhelishvili.

) e

Fig. 3. Stress diagram o/P at the contour of the excavation
Puc. 3. Dmropa HanpsoKeHHH 6/ P Ha KOHTYpE BBIPaOOTKH

Comparative analysis of analytical solution and numerical modeling results.
The described solution is implemented in the form of a complete algorithm and
computer program which allows making multivariant calculations with the purpose of
analyzing stress-strained state of soil mass in the vicinity of a circular excavation.

It can be easily noted that in a particular case accepting £, = 0 and v, = 0.5 as initial
data we come to a well-known solution of a corresponding problem for a shallow
pressure excavation [12].

Further, as an example, the definition of tangential (circumferential) stresses in the
vicinity of a pressure excavation (fig. 2) is considered, obtained as a result of calculating
by the suggested method and computer modeling with the method of finite elements
under the following data R;= 1.8 m; H=2m; £, = 10 000 MPa; v, = 0.3; £, = 2000 MPa;
v, = 0.35.
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As long as in the process of computer modeling the applied two-dimensional
computational scheme is one of the simplest in geomechanics, it is considered that its
implementation should be standard, and due to the load being self-balanced it is possible
to forgo implicit techniques ensuring model’s balance. At that it was curious whether
the complete correspondence between the obtained results occurs at once, or in the
particular given case there will be the need for the model’s correction (for example, it
will be necessary to expand the area under consideration) in order to reduce the
divergence between the results of analytical and numerical calculations up to
the acceptable values.

Fig. 4. Isofields of circular stresses oy around the excavation
Puc. 4. V3010751 OKpY>XKHBIX HANPSOHKCHUH Gy BOKPYT BBIPAOOTKH

Stress diagram obtained as a result of calculating by the suggested method is
presented at fig. 3 in a dimensionless form (in the initial pressure value P proportions).

In the process of computer modeling the dimensions of the area under consideration had
to be expanded up to 20 x 22 m. At that, satisfactory results agreement has been obtained
under various boundary conditions (divergence in each considered case didn’t differ by
more than 5%). Isofields of normal tangential stresses in the vicinity of the excavation are
presented at fig. 4. P =1 MPa was accepted as a load in the process of modeling.

Conclusion. As follows from the calculation schemes introduced, divergence
between mathematical and computer modeling results in the considered case doesn’t
exceed 8%. It should be noted that high accuracy of the calculation with the use of FEM
has been achieved as a result of solving the problem of a significantly large exploration
area each dimension of which significantly exceeds SR.
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MATEMATWUYECKOE 1 KOMNbIOTEPHOE MOLENWPOBAHWUE HANPAXEHHO-
JE®OPMUPOBAHHOIO COCTOAHWUA FOPHOIO MACCUBA, CITOXEHHOIO ABYMA TUNAMU
MOPOM, B OKPECTHOCTU HANOPHOW KPYrOBOW BbIPABOTKY

Cammaus A. C.!; Aunudepos C. B.}, ITasiosa H. C.!
! TynbCKuii rocynapcTBEHHBII yHUBEpCHTET, I. Tyina, Poccust.

Lenvto pabomul sasnaemcs noryuenue aHAIUMU4ecKo20 peueHus akmyanbHou 3a0a4u 2e0MeXaHuKy, ume-
1ouell 8adcHoe NPUKIAOHOe 3HAYEHUe 8 2UOPOMEXHUYECKOM CIPOUMENbCIEe, KOMOPas CEA3aHA C OYeH-
KOU HANPAHCEHHO-0eDOPMUPOBAHHOZ0 COCMOAHUS 20PHO20 MACCUBA, CILOHCEHHO20 08YMS IMUNAMU NOPOO
€ PABTUYHBIMU 0ePHOPMAYUOHHBIMU XAPAKMEPUCMUKAMU, 8 OKPECHHOCIU KPY2080U HANOPHOT 8bIpabom-
KU, PACRONONCEHHOU 601U3U NPAMOTUHEHON SPAHUYbL PA30ed NOPOO.

Memoodonozus npoeedeHus uccied08anus OA3UPYemcs Ha NPUMeHeHUU Mmeopuu GYHKYUL KOMNJIEeKCHO20
nepemMenH020, C60UCME PAAOE ¢ KOMNIEKCHbIMU KOdPPuyuenmamu u unmezpanos muna Kowu.
Pesynvmamom 6vblnoNHEHHO20 UCCIE006AHUA AGIACMCS PA3PAOOMAHHBII NOHBII ATCOPUMM pACyemd,
0CODEHHOCMBIO KOMOPO2O ABIAENCA KOMNbIOMEPHAS Peanu3ayus UmepayuoHHo20 npoyecca, 20e 6 Nepeom
NPUOTUINCEHUU PACCMAMPUBAEINC U3BECHHAA 340a4d OIS KPY208020 OMEEPCMus 8 6eCKOHeU-HOU 00HO-
POOHOI U30MPONHOU cpede npu Oelcmeuu eHympenHe2o 0aleHus, a GIusAHUe epaHUybl pazoerd nopoo
Yuumvleaemcs Hymem 3a0aHus OONONHUMENbHIX HANPANCEHUl, VIMOUHAEMbIX HA CIeOVIOWUX ume-
payusx. Kpumepuem 015 3a6epuienus umepayuoHHO20 npoyecca AeAemcs y0osjiemeopenue ¢ 3a0aHHOU
MOYHOCMbIO 8CeX NOCMABNIEHHBIX ZSPAHUYHBIX YCA08Ull (NpU NPOBEOEHUU PACHemos8 MAKCUMATbHAS
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noepewnocms ne npesviwiana 107°). Ionyuennvle pe3ynbmanivl UCHONb306aHbL NPU NOCHPOEHUU KOMNbIO-
MepHOUl MOOenU paccmMampusaemotl 3a0aqu, peaiu3o8antoll 6 npoepammuom komniexce MKO (memoo
KOHEUHbIX JNIEMEHMOB) C YeNblo YMOYHEHUs PASMEPO8 001aCmU MOOENUPOSAHUS U POPMUPOBAHUA 2pa-
HUYHBIX YCI06ULL. B 3aKnouenue npusooumcs cpashenue pe3yibmamos aHalumu4ecko20 U YucieHHo20
MOOENUPOBAHUS NPUMEHUMENLHO K KOHKPEMHOU 8blpabomke.

Bu1600. Ananusz nonyuennvix pesyibmamos no360aul 3aKII04UMb, YMO BbICOKAS MOYHOCHb pAcCyema ¢
npumenenuem MKD docmueaemces monvko npu 3a0anuu 00CmamouHo 601buiol 001acmu Ucciedo8aHus
(Kaod#cowill U3 pasmepos O0NAHCEH CYUeCB8EHHO NPESbIUAMb NAMb PAOUYCO8 8bIPAOOMKLUL).

Obnacmb npumeHenUs NOIYYEHHBIX PE3VILMAMO8 — COBEPUIEHCTNBOBAHUE MEMOOON02UU paciema u
NPOEKMUPOBAHUSA NOOZEMHBIX COOPYHCEHUIL.

Knroueswvie cnoea: ZOPHbZIZ maccue, Hanopras eblpa60m1<a; meopust ynpycocmu, cpanudnsvle yCl106Us,
KoMnblomepHoe MOO@/ZMPOBLIHM@.
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